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Abstract
We analyze the temporal response of the ﬂuorescence light that is emitted from a dense gas of
cold atoms driven by a laser. When the average interatomic distance is comparable to the
wavelength of the photons scattered by the atoms, the system exhibits strong dipolar interactions
and collective dissipation. We solve the exact dynamics of small systems with different
geometries and show how these collective features are manifest in the scattered light properties
such as the photon emission rate, the power spectrum and the second-order correlation function.
By calculating these quantities beyond the weak (linear) driving limit, we make progress in
understanding the signatures of collective behavior in these many-body systems. Furthermore,
we shed light on the role of disorder and averaging on the resonance ﬂuorescence, of direct
relevance for recent experimental efforts that aim at the exploration of many-body effects in
dipole–dipole interacting gases of atoms.
Keywords: open quantum systems, superradiance, ﬂuorescence
(Some ﬁgures may appear in colour only in the online journal)
1. Introduction
Strong dipole–dipole interactions are induced in a gas of
emitters due to virtual exchange of photons when the average
distance between the emitters is comparable to the wave-
length associated to the emitted photons. Moreover, in these
gases the radiation properties are modiﬁed due to the emer-
gence of collective super and subradiant emission modes. The
unique character of such a system was studied for the ﬁrst
time decades ago in the seminal papers by Dicke, Lehmberg
and Agarwal among others [1–3].
The unprecedented experimental control available
nowadays over the trapping and interactions in ultracold
atomic gases [4] has sparked a renewed interest in the
investigation of these fundamentally collective effects.
Experimental measurements of features such as the collective
Lamb shift [5–7], suppression of light scattering and modiﬁed
spectra from dense samples of atoms [8–13] and observation
of super and subradiance [5, 14–16] have been recently rea-
lized. Theoretical works so far have been constrained to the
study of the limit of very weak driving [17–29], small systems
of two or three atoms [30–35] or dilute gases under strong
driving conditions [36]. These, however, do not provide a
complete picture and leave a number of unanswered ques-
tions: (A) How does the presence of strong laser driving affect
the signatures of cooperativity detectable in the ﬂuorescence
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photons scattered from a dipolar system? (B) Photon emission
rate and excitation number have a one-to-one relation when
the emitters are independent that is broken when the dis-
sipation becomes collective. What can we learn from this
dichotomy? (C) How does the speciﬁc external conﬁguration
of the atoms affect the previous results? E.g., how does the
average over many conﬁgurations differ from a single shot,
and, are there any differences expected to arise in exper-
imental setups with atoms in ordered (e.g. optical lattices)
conﬁgurations?
We tackle the above questions in this paper by per-
forming a detailed theoretical analysis of the excitation
number, photon emission rate, power spectrum and second-
order correlations of the far-ﬁeld ﬂuorescence from a reso-
nantly driven gas of two-level atoms in the stationary state.
We perform this task by solving numerically for the ﬁrst time
the exact dynamics of small atomic systems of up to 7 atoms
for a broad range of values of the laser driving.
We ﬁrst focus our efforts on analyzing the emission
properties of a three-dimensional (3D) disordered gas, where
the positions of the atoms are chosen randomly in 1000 dif-
ferent realizations and the results are then averaged. The
results here remain largely independent of the system size and
thus give insights into the behavior of larger systems and
makes them of direct relevance to current experimental efforts
that study the effect of dipole–dipole interactions and col-
lective dissipation in the optical response of a cold atomic
system in the absence of inhomogeneous broadening [8–
10, 12, 13, 16]. Moreover, in an attempt to illustrate the role
of ordered conﬁgurations in the emission properties of the
system, we have also considered a one-dimensional (1D)
lattice of atoms (see ﬁgure 1). While some characteristics
remain unchanged with respect to the disordered 3D gas, such
as the suppression of emission at high densities, ﬁnite size
effects play an important role here, e.g. in the photon emis-
sion correlations.
2. The system
We consider an ensemble of N atoms either conﬁned in an
optical lattice or in a disordered gas (see ﬁgure 1). All atoms
are initially assumed to be in the electronic ground state, ñg∣ .
An external laser ﬁeld linearly polarized along the z-axis is
then applied to couple resonantly the two internal states ñg∣
and ñe∣ . The average interatomic distance between neighbor-
ing atoms, a, is here generally considered to be shorter than
the transition wavelength λ (see ﬁgure 1). As a consequence,
strong long-range interactions are induced among the atoms
and the photon emission acquires a marked collective char-
acter [1–3].
The dynamics of the ensemble is described by the master
equation

r r r= - +Hi , , 1˙ [ ] ( ) ( )
where ρ is the atomic density matrix. The many-body
Hamiltonian H is expressed as
 å å= W + +
a
a a
a b
ab a b
=
-
¹
a aH b b V b be e ,
N
k r k r
1
i i( )† · · †
where we have deﬁned the atomic transition operator
º ñ áa ab g e∣ ∣ for the αth atom. The atom-laser coupling
strength is given by the Rabi frequency W = dE 20 ( ) with
E0 being the amplitude of the external homogeneous laser
ﬁeld and d the transition dipole moment between the two
internal states ñg∣ and ñe∣ . The driving ﬁeld wavevector is
denoted by = kk yˆ (see ﬁgure 1) and the spatial position of
the αth atom is ar . Note that we consider the whole system
uniformly and simultaneously illuminated by the laser.
Hence, propagation effects such as screening from the ﬁrst
atoms of the gas do not lie within the scope of this paper.
The second term of this Hamiltonian represents a
coherent exchange interaction between the atoms in the sys-
tem, which has long-range character. In particular, the inter-
action between the αth and βth atoms separated by
=ab ab abrr rˆ is characterized by the coefﬁcient
⎡
⎣⎢
⎤
⎦⎥
g k kk k= - +ab ab
ab
ab
ab abV y
y
y d r
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4
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2
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where yn(x) denotes the spherical Bessel function of the
second kind, γ the single atom spontaneous decay rate from
the excited state and dˆ the direction of the transition dipole
Figure 1. An ensemble of N two-level atoms (a one-dimensional
chain along the x-axis or a 3D disordered gas) is illuminated
uniformly by a laser ﬁeld polarized along the z-axis (momentum in
the y-direction), which resonantly couples the atomic ñ - ñg e∣ ∣
transition with Rabi frequency Ω. The virtual exchange of photons
gives rise to long-range exchange interactions and collective
dissipation conformed by modes with some decay rates larger than
the single atom one γ (superradiant) and some smaller than γ
(subradiant). These features are most prominent when the intera-
tomic distance a between the atoms is much smaller than the
wavelength of the transition λ. We calculate the intensity and
spectrum of the resonance ﬂuorescence of the emitted radiation.
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moment. We have also introduced the reduced length
k p l=ab abr2 . For short distances between the atoms, the
form of the interaction is close to kab1 3 , while it decays as
kab1 for long distances, making the collective effects persist
even in relatively dilute systems [36].
The second term of equation (1) describes the sponta-
neous emission of photons from the system and takes the
form
⎜ ⎟⎛⎝
⎞
⎠ år r r= G -a b ab a b a bb b b b
1
2
, ,
,
( ) { }† †
where
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Here, jn(x) denotes the spherical Bessel function of the ﬁrst
kind. We are interested in the regime where the distance
between the atoms is smaller or comparable to λ, i.e. kab 1.
One can unravel the collective character of the dissipation in
this regime by diagonalizing this coefﬁcient matrix as
gG = åab a bM Mm m m m† . We can then rewrite the dissipation
term in diagonal form as
⎜ ⎟⎛⎝
⎞
⎠ år g r r= -= J J J J
1
2
, ,
m
N
m m m m m
1
( ) { }† †
where it is easy to identify
å=
a
a aJ M bm m
as an operator associated to the emission of a photon and gm
the rate at which such an emission takes place. Note here that
the operators Jm do not represent independent modes, as they
are conformed by superpositions of spin operators and in
general ¹J J, 0m n[ ]† " ¹m n. However, the introduction of
these operators is instructive as their structure dictates to
which extent the emission and the atomic excitation are
coupled (as it will be discussed in the next section) and it
allows for an intuitive understanding of the collective char-
acter of the emission: In a gas where all kab  1, the matrix
Gab is approximately diagonal ( d»a aMm m ). Hence, »J bm m
and g g»m for all =m N1 ... , i.e. the photon emissions
occur independently from each atom. However, as kab
decreases, aMm differs from d am and thus the emission
operators Jm become a superposition of several bα. Hence,
here we can understand the incoherent emission of photons as
occurring through collective superradiant processes with
g g>m and subradiant ones with g g<m . The fraction of
superradiant emission operators stays almost constant and
small as the system size N is increased. In the following, we
will denote the largest collective decay rate gS (see ﬁgure 1).
In the following sections, we proceed to calculate
numerically several properties of the system described above
and the light scattered from it in the stationary state. In order
to obtain this stationary state, we calculate numerically the
time evolution of the system by solving exactly the master
equation (1) that describes its dynamics. As no further
approximations are being made and with the dimension of the
density matrix ρ being ´2 2N N , this problem involves the
solution of 2 N2 coupled differential equations with, in general,
2 N4 coefﬁcients. This complexity sets a hard constraint on the
system sizes we can deal with. In particular, N=7 is the
largest system we treat. Moreover, in the 3D disordered gas
we need to repeat the numerical experiment 1000 times,
which increases dramatically the computation time. Hence,
we only show the results in this case for a smaller system
size, N=5.
3. Photon emission in ordered and disordered gases
Our aim is to explore the signatures of collective behavior in
the light scattered from the system in the stationary state by
solving equation (1) numerically. One of these signatures,
which has been observed in experiments such as [8] under
weak driving conditions ( gW  1), is the strong suppression
of the photon emission rate. One can obtain this quantity in
terms of the emission operators and rates discussed above
(see, e.g. equation (40) in [2]) as
å g= á ñ
=
N J J , 2
m
N
m m mp
1
ss ( )†
where á ñss· denotes the expectation value in the stationary
state. Note that this deﬁnition is equivalent to the integral over
all observation directions of the emission rate into a direction
rˆ, which is proportional to á ñt tE r E r, , ss( ) · ( )† , where tE r,( )
denotes the negative-frequency part of the electric ﬁeld
operator in the far-zone approximation and in the Heisenberg
picture, which is given by [31, 37]
⎜ ⎟⎛⎝
⎞
⎠åwp=
´ ´
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-
a a
a
a
=
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c
b t
c
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r r d
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,
N
a
2
2
1
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∣ ∣
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where w p l= c2a .
In ﬁgures 2(a) and (b) we compare the results of the
emission rate with the non-interacting limit Np
ni for a 3D
disordered gas (average results of 1000 realizations) and a 1D
chain along the x-axis (perpendicular to the laser momentum,
see ﬁgure 1), respectively. We characterize the collective
behavior in the system by the parameter k p l= a2 , where a
Figure 2. Photon emission rate in a dense gas Np is suppressed with
respect to a non-interacting one Np
ni for a large range of values of the
driving Ω. N Np p
ni is shown (a) in a 3D disordered gas with N=5
and k = 1, 2 3 and 1/2 and (b) in a 1D chain with k = 1 2 and
=N 4, 5, 6 and 7.
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represents the average distance between each atom and the
one closest to it in the 3D disordered case and the lattice
constant in the 1D chain. In both cases we observe strong
suppression of the emission for small values of gW . This
suppression, although less pronounced, is still present for
values of the driving Ω comparable to the single atom decay
rate γ. For large enough gW , the suppression disappears
and N N 1p pni .
In the 3D disordered system the behavior of N Np p
ni as a
function of gW remains unchanged for all system sizes
explored (note, only one size is shown in ﬁgure 2(a)), which
indicates that insights on the behavior of larger systems can
be indeed extracted from these results. The lower the value of
κ the more pronounced the suppression is for all values of Ω.
We also calculate the ratio N Np p
ni in the 1D chain with
k = 1 2 (ﬁgure 2(b)). While the suppression is more pro-
nounced in this case, we observe a very similar qualitative
behavior to the disordered case. Again, only minor differ-
ences exist between the results for = -N 4 7 atoms (shown
in this case in the ﬁgure). The results seem to indicate that the
emission suppression is a very robust feature of these inter-
acting systems with collective dissipation that survives the
addition of ﬁnite driving and that does not depend on the
speciﬁc spatial arrangement of the atoms.
The introduction of the collective emission operators Jm
allows us to write explicitly the relation between the emission
rate (2) and the number of excitations in the stationary state
Ne as
å å
å
g
g
= á ñ + G á ñ
= + G á ñ
a
a a
a b
ab a b
a b
ab a b
= ¹
¹
N b b b b
N b b .
N
p
1
ss ss
e ss
† †
†
As we discussed above, in a non-interacting gas the emission
operators coincide with the atomic transition ones and hence,
for all a b¹ , G =ab 0. Thus, here the emission rate (2) is
equivalent to the number of excitations in the stationary state
multiplied by the single atom decay rate γ. This relation,
however, does not hold in general as the dissipation acquires a
collective character [38, 39] and, moreover, the difference
between both quantities actually can give us a measure of the
coherences of the stationary state of the system á ña bb b ss† .
In ﬁgures 3(a) and (b) g-N Np e is shown as a function of
gW . We observe that both in the case of a 3D disordered gas
and in a 1D chain the coherences differ from zero except in
the limits of very weak and very strong driving: In the very
weak driving limit ( gW  ) the number of excitations in the
stationary state is very small and thus it follows from the
Cauchy–Schwarz inequality that the coherences must also be
very small. In the limit of very strong driving ( gW  ) the
dipole–dipole interactions (whose strength is proportional to
γ) are much smaller than the driving. Hence, in the stationary
state the coherences created by these exchange interactions
are also very small, i.e. g g» =g gW W N N N 2p e .
For intermediate values of the driving, however, we can
see that the results differ between the 1D ordered
conﬁguration, where the coherences are almost always
negative, and the average over many in the 3D random gas,
where they change sign at intermediate values of the driving.
This change could be attributed to the different geometry of
the two systems (1D versus 3D). Note (ﬁgure 3(a)) that in the
3D disordered gas the average of g-N Np e is again largely
independent of the system size. However, the values for each
independent conﬁguration ﬂuctuate notably from one to
another, represented by large error bars. Finally, in ﬁgure 3(b)
(1D chain) one can observe that, while ﬁnite size effects are
appreciable, the qualitative features of g-N Np e remain
similar.
4. Resonance ﬂuorescence
Further signatures of collective behavior can be found in the
spectral properties of the light emitted by the system. Here,
we calculate numerically the power spectrum of the light
emitted by the system in the forward direction = rr yˆ. The
power spectrum is deﬁned in terms of the electric ﬁeld
operator as
òw p t t= á + ñwt
¥
S t tr E r E r,
1
Re e , , d .
0
i
ss( ) ( ) · ( )†
The results of the numerical calculation of the power spec-
trum in the far ﬁeld are shown in ﬁgure 4 with k = 1 2 and
for two values of gW = 0.1 and 10, representative of low
and strong driving, respectively. We once again compute the
results for a 1D chain and a 3D disordered gas (the latter
averaged over 1000 realizations). We also show for com-
parison the spectrum from a non-interacting gas, which in the
low driving regime is formed by a single peak with width
smaller than γ and in the strong driving one by a so-called
Mollow triplet [37, 40].
When the system is strongly driven (ﬁgures 4(a) and (b)),
the two cases show similar features: the interactions in the
system lead to a broadening of the three peaks of the Mollow
triplet. In order to explain this result let us write the master
Figure 3. The emission rate is equal to the excitation number Ne
times γ in the non-interacting limit. We show g-N Np e in a dense
gas as a function of gW (a) in a 3D disordered gas with N=5 and
(b) a 1D chain with k = 1 2.
4
J. Phys. B: At. Mol. Opt. Phys. 50 (2017) 014004 R Jones et al
equation (1) in terms of the emission operators Jm as
⎜ ⎟
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⎛
⎝
⎞
⎠
å år r
g r r
= - W + + ¢
+ -
= =
J J V J J
J J J J
i ,
1
2
, ,
m
N
m m m
n
N
mn m n
m m m m m
1 1
˙ ( )
{ }
† †
† †
where W = Wåa a aM em m k ri · and ¢ = åa b a ab bV M V Mmn m n, † . In
the strong driving limit ( gW  ) the interactions between
different modes ¢Vmn for ¹m n are—approximately—negli-
gible compared to the driving strength. After neglecting those
cross terms the resulting equation is a sum of N terms with the
same form, one for each mode Jm. However, as each
gW » ¢ Vm m mm, we can approximately assume that each
mode gives rise to a Mollow triplet-like contribution to the
spectrum, whose sum is the resulting broadened spectrum.
While this last step is an approximation given that the emis-
sion modes are not strictly independent, this explanation is
further substantiated by the spectra for smaller system sizes
shown in the insets of ﬁgure 4(b), where the ‘individual’
Mollow triplets are apparent.
On the other hand, in the low driving case the differences
between a single realization and many are clear. In each
individual realization in the 3D disordered case (insets in
ﬁgure 4(c)) and the 1D chain (ﬁgure 4(d)) we can observe a
large number of peaks with width larger (smaller) than the
single atom one, corresponding to ‘superradiant’ (‘sub-
radiant’) states. The averaging process over all these conﬁg-
urations, where the positions and amplitudes of the subradiant
and superradiant peaks are shifted in every run gives as a
result a single Lorentzian-like peak broader than the non-
interacting one. Note that this width is noticeably smaller than
the decay rate of the most superradiant mode gS, contrary to
what was speculated in [8]. Finally, note that no shifts of the
central feature are observed [12, 13].
5. Second order correlation function
The second-order correlation of the resonance ﬂuorescence
from different light sources has been widely investigated: It
has been established that a thermal source emits photons in
bunches, while antibunched photon emission is only seen in
quantum light [37, 41–43]. We investigate here the second-
order correlation function of the scattered light in our system,
deﬁned as
t t tt=
á + + ñ
á ñá + ñg
t t t t
I t I t
E r E r E r E r
r r
, , , ,
, ,
, 32 ( ) ( ) ( ) ( ) ( )
( ) ( )
( )( )
† †
where =I t t tr E r E r, , ,( ) ( ) ( )† . Equation (3) yields the
probability of detecting a photon at time t+t given that one
was detected at time t divided by the probability of uncorre-
lated detection. As the atomic ensemble is in the stationary
state,  ¥t , the intensity correlation depends only on the
time delay τ.
Figure 5 displays data of the second-order correlation
tg 2 ( )( ) at t = 0 in a dense gas (again the direction of ober-
vation is ﬁxed to be yˆ), where we show for comparison the
results for k = 10 (close to the non-interacting situation).
Once more, in the limit of strong driving all curves tend to the
same value = -g N0 2 1 12 ( ) ( )( ) [44]. Away from this limit,
the results for a single realization in a speciﬁc geometry (1D
chain, ﬁgure 5(a)) show obvious changes as we change the
system size. These kind of odd–even effects in the second
order correlation functions in a 1D chain were already found
in similar studies [45, 46], where superbunching (correlation
values larger than the classical upper limit, which we also ﬁnd
Figure 4. Power spectrum for a non-interacting (dashed black lines)
and interacting (red solid lines) gas with k = 1 2. (a) and (b) Show
broadening of the Mollow triplet in the case of strong driving
( gW = 10 ) for a disordered 3D gas of N=5 atoms and 1D chain of
N=7 atoms, respectively. The insets show the results for N=2
and 3 for a 1D chain. (c) When gW = 0.1 for a disordered 3D gas,
the individual realizations give rise to spectra (insets) very different
from the average one, which can be ﬁtted with a Lorentzian (green
dashed–dotted line). For comparison, a Lorentzian with width gS is
also shown (purple dotted line). (d) Spectrum of a 1D chain of
N=7 atoms for gW = 0.1 .
Figure 5. Second-order correlation function t =g 02 ( )( ) as a function
of gW . (a) Data for a 1D chain with size =N 4, 5, 6 and 7 with
k = 1 2. (b) Data for a system of N=5 atoms in a 3D disordered
gas for different values of κ. The non-interacting limit (k = 10) for
N=5 is shown in both panels for comparison.
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in our system) was reported. These effects disappear in the 3D
disordered gas (ﬁgure 5(b)), where due to the averaging over
many different conﬁgurations g 02 ( )( ) is largely independent of
the system size. We observe that here the signature of the
collective behavior in the system is a reduction of g 02 ( )( ) with
respect to the non-interacting case for low values of gW ,
with even antibunching being reached in the case of k = 1 2
and weak driving.
6. Conclusions and outlook
To conclude, let us return to the three questions posed in the
introduction of the paper. (A) In the weak driving regime we
observe suppression of photon emission rate, which, albeit
less pronounced, is still present for a large range of values of
the driving. Moreover, clear signatures of the strong interac-
tions and collective dissipation in this regime are visible in the
broadening of the spectrum (Mollow triplet). (B) The fact that
there is no simple one-to-one relation between the excitation
density and the photon emission intensity can be observed in
this system as a signature of collective behavior and can give
us information on the coherences of the stationary state. (C)
Finally, we show that in general the averaged properties of the
scattered light in a disordered gas are qualitatively different
from the ones obtained in a single realization. The reason can
be found in the averaging process, that washes out the speciﬁc
features of each single realization.
In this paper we have focused on the effects on the
radiation from a dense sample that arise exclusively from the
induced many-body exchange interaction and collective dis-
sipation and have left out other effects. For example,
throughout this paper, the atoms have been considered to be
‘frozen’ in their external positions. A natural extension of this
work will entail analyzing the effects of external atomic
motion, very relevant in some experimentally situations such
as a thermal atomic gas [11, 12]. Moreover, as the optical
depth gets higher the effect of intensity screening from the
ﬁrst atoms of the system will become important. These effects
will be less relevant in a dense ordered gas, where we have
shown that the interaction effects are most pronounced.
Experiments that explore the dense regime in these ordered
conﬁgurations have not been performed yet. Strontium atoms
possess a very long wavelength transition between low-lying
levels and can be trapped in lattices with lattice constant on
the order of a few hundred nm [24]. Hence, they represent an
ideal platform for the observation of collective effects in
dense atomic gases.
Finally, let us remark that we have assumed that the
atoms in our system can be treated as two-level systems. In
general, though, the different Zeeman sublevels can give rise
to interactions that mix angular momentum states, which in
turn interact with different precise shapes of the dipole–dipole
interaction [47, 48]. The study of these multilevel systems
will be in the scope of future investigations. However, there
are a number of situations in which a two-level approximation
is a valid assumption on the system. For example, in atoms
where the ground state is unique (angular momentum J = 0)
—that can be achieved, again, in the case of alkaline-earth-
metal atoms—the excited state has angular momentum ¢ =J 1
and an effective two-level system can be realized by Zeeman
splitting of the three degenerate states such that two of them
are shifted out of resonance.
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